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Abstract. Consider the focusing semilinear wave equation in M"^ with 
energy-critical nonlinearity 

dtil) - AV' - = 0, V(0) = Vo, 9t^(0) = Vi- 

This equation admits stationary solutions of the form 

4,{x,a) ■- (3a)'/''(l + a|a;|'')-'/^ 

called solitons, which solve the elliptic equation 

-A(l)-(j>'^ =0. 

Restricting ourselves to the space of symmetric solutions ^ for which 
^{x) — ^{~x), we find a local centre-stable manifold, in a neighbor- 
hood of <j!>(a;, 1), for this wave equation in the weighted Sobolev space 
{x)~^H^ X {x)~^L'^. Solutions with initial data on the manifold exist 
globally in time for t > 0, depend continuously on initial data, pre- 
serve energy, and can be written as the sum of a rescaled soliton and a 
dispersive radiation term. 

The proof is based on a new class of reverse Strichartz estimates, 
introduced in [BeGoj and adapted here to the case of Hamiltonians with 
a resonance. 
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1. Introduction 
1.1. Overview. In this paper we study the semilinear wave equation 

d^^ - AV^ - V'' = 0, V(0) = V'o, dt^{Q) = iPi. (1.1) 
Energy E{t) is an invariant quantity for equation (jl.ip . E{t) is given by 

E{t)--=\l \ym? + {dtm?dx-\f m)fdx. 

Equation (jl.ip also admits special stationary solutions of the form i{j{x,t) = 
(j){x), where (p is a positive solution of the semilinear elliptic equation 

-A(j)-^^ = 0. 

Such solutions exist and are unique up to translation and rescaling, see 
[Aubj . being explicitly given by 

^{x, a) := (3a)i/^(l + a\xf )-'^/^ = a^^Uia^^^x, 1). 

Observe that a) G with constant norm. In what follows we study 
small stable perturbations of (j){x,a), i.e. solutions to (II. ip that stay close 
to (/>(x, a) in the norm for all times. 

We first examine the spectral properties of H{a). It is known that the 
continuous spectrum of H{a) is [0,cxd), while the point spectrum contains 
one negative eigenvalue —k{a)'^, H{a)g{x,a) = —k{a)'^g{x, a), and three 
eigenvectors at zero, dxj<j){x, a), 1 < j < 3. Here g{x, a) is bounded, radially 
symmetric and exponentially decaying. 

Note also the presence of a zero resonance, da(p{x, a) — a bounded func- 
tion that satisfies the equation (—A + V)f = without belonging to L^. 

Due to scaling, k{a) = a^^'^k{l), we can set g{x,a) = g{a^/'^x,l), and 
9,(/.(x,a) = a-3/45,(/,(ai/2x,l), a,^,0(x,a) = a^/^d.,^(t){a^l^x,l). 

In the following we set (j) := ^(1), k := /c(l), g := 5(1), V := F(l), 
H := H{1), etc. 

Furthermore, 

(9, = k-\dacP,Hg) = k-\Hda^,g) = 0. 

Henceforth we restrict ourselves to the subspace of symmetric functions, 
i.e. functions / for which f{x) = f{—x) for all x E M^. The restriction 
of H{a) to this subspace keeps only the continuous spectrum, the radial 
negative eigenvalue and the radial resonance at zero. 

We denote Lorentz spaces by L^'''. For their definition and properties see 
[BeLoj . Note that L^/^.i ^^^y of weak-L^ and that jVl^^L^/^.i ^ ^3,i_ 

Our first result is the following: 
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Theorem 1.1. For some small e > 0, consider the set 

AAo = {(^cV'i) y.L^\ 11^0 - </'||^in|v|-iL3/2.i + llV'i|lL2nL3/2,i < e, 
(A:(V'o -4>)- ipi,g) = 0, ipo{x) = ipo{-x), ipi^x) = ipi^-x)}. 

There exists a function h : A/q — )• M such that for any (^o , V'l ) ^ -^0 the 
equation with initial data (ipQ + h{ipQ,ipi)g,ipi — h{tpQ,'il)i)kg) has a 

global solution V'(V'O)V'i) = u + (j){a{t)) such that a(0) = 1, \\a{t)\\ 
IIV'o - '/'||/fin|v|-iL3/2,i + \\iI^i\\l2^lz/2,i and for t > 



u 



lijln|V|-lL3/2,l + IIV'l|lL2nL3/2,l- 



Energy remains bounded: 

h{'ipQ,^i) and have the following further properties: 



^l|lL2nL3/2,l. 



IMV'o,V'i)l <(llV'i 



|MV'^,V'l)-MV'o',V'?)l < 



'0 - (/"IlijinlVI-iLS/a.! + IIV'l|lL2nL3/2,i) ; 

'o - ^ollifin|v|-iL3/2,i + llV'i - V'illL2nL3/2>0; 



'O - V'ollijln|V|-lL3/2.1 + IIV'l - ^1 11^2^^3/2,1; 

'o ~ ^ollifin|v|-iL3/2.i + llV'i - V'illL2ni3/2,i; 

~ V'l|lL2ni3/2,l. 



'olli/in|v|-iL3/2 



1 + 



In other words, we have a codimension-one Lipschitz manifold of initial 
data in n |V|-1l3/2.i x n L^/s.i 

= {(V'o = ^0 + /i(''/'o, ^1)5,^1 = V'l - h{^o,i^i)kg) I (V'cV'i) e M)}, 

for which the solution to (jl.ip exists globally in time, depends continuously 
on the initial data, and can be written as the sum of a rescaled soliton and 
a dispersive term or of a fixed soliton and a term that preserves energy. 

Note that the setting in which the energy is preserved is not the same as 
the setting in which the radiation term disperses. 

By rescaling we obtain similar manifolds in the neighborhood of each soli- 
ton (/>(x, a). These manifolds never intersect, due to the norms in which they 
are defined: (/>(x, ai)-0(2;, 02) ^L^'^foroi / 02, while |V|"1L^/^'1 C L^/^'^. 

The proof of Theorem II .H is based on the subsequent reverse Strichartz es- 
timates of Proposition [L6l as well as on the method of modulation ( |SoWel] . 
[SoWe2j ). We use modulation to handle the resonance at zero and the sim- 
ilar method introduced in [Schj and |KrSc] to control the projection on the 
imaginary spectrum, see below. 

Remark 1.2. In the conditions on initial data, L^/^'^ can be replaced by /Co, 
the Kato space closure of the set of bounded, compactly supported functions, 
where the Kato space /C is defined by 

1/(^)1 



{ / I sup / 

y Jm 



■ dx < 00 



R3 \x - y\ 
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The manifold M also enjoys a uniqueness property formulated in the 
following statement. 

Definition 1. We call a solution ^(t) of (jl.ip small orbitally stable if, for some 

small fixed e > and for alH > Oip{t) = <l)+v{t), 11(^(0), 9tu(0))|||y|_i^3/2,inijixL3/2,inL2 < 

e, \\v{t)\\j6,2jac < e, and roo^2 < oo. 

Proposition 1.3. Ifip[t) is a small orbitally stable solution, then ^(0) G M. 

In order to state our next result, we introduce the notion of a centre-stable 
manifold, following Bates- Jones |BaJo| . These authors proved for a large 
class of semilinear equations that the space of solutions locally decomposes 
into an unstable and a centre-stable manifold. Their result is as follows. 
Consider a Banach space X and the semilinear equation 

ut = Au + fiu), (1.2) 

under the assumptions 

HI j4 : X — )■ X is a closed, densely defined linear operator that generates 
a Co group. 

H2 The spectrum of A, cr{A) = as{A) U (7c{A) U au{A), decomposes 
into left half-plane (stable), imaginary (centre), and right half-plane 
(unstable) components. The stable and unstable components, crs{A) 
and au{A), are bounded. 

H3 The nonlinearity / is locally Lipschitz, /(O) = 0, and for every e > 
there exists a neighborhood of € X on which ||/(x) — f{y)\\ < 
e\\x — y\\. 

Let X", X'^, and X^ be the ^-invariant subspaces corresponding to au, Tc, 
and (Ts and let S'^{t) be the evolution generated by A on X'^. [BaJo] further 
assume that 
Cl-2 dimX" and dimX* are finite. 
C3 S" has subexponential growth: Vp > 3M > such that ||5"'(t)|| < 

Let T be the flow on X generated by ()1.2p . J\f C U is called t-invariant 
if T{s)v G U for all s £ [0,t] implies that T{s)v G A/" for s G [0,t]. 

Definition 2. Let the unstable manifold C U he the set of solutions that 
remain in U for all t < and decay exponentially as t — )• — oo: 

= {n G [/ I Vt < T{t)u £U, 3C7i > Vt < \\T{t)u\\x < e^^*}. 

Also consider the canonical direct sum spectral projection vr^'* onto the 
centre-stable part of the spectrum: Tr^'^{X) = X^ © X^ . 

Definition 3. A centre-stable manifold M G U is a Lipschitz manifold (i.e. 
parametrized by Lipschitz maps) such that M is t-invariant relative to U, 
tt''%M) contains a neighborhood of in X" ® X" , and J\f D W = {0}. 



The conclusion of [BaJo] is then 
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Theorem 1.4. Under assumptions H1-H3 and C1-C3, locally around 0, 
there exist an unstable Lipschitz manifold tangent to X"^ at and a 
centre- stable manifold W^^ tangent to X'^'^ at 0. 

Consider the set 

= {(V'0,V'l) G {x)-^H^ X I IIV'o - </'ll(^)-ii/i + IIV'l||(x>-iL2 < e, 

(fc('0o - 0) - = 0, Vo(a;) = ^q{-x), iJiix) = il)i{-x)}. 

Note that {x)-^H^ x (x)-1l2 c iVl-^L^/^-i n if^ x L3/2.i n L^. Then 

A/" = {(^0 = V'o + ^(V'o, V'i)9, ■01 = V'l - /i(V'o, ^1)%) I (V'o, V'l) G M)} 

is a set of initial data which lead to global- in-time solutions for t > 0. 

Proposition 1.5 (Main result). Consider a solution tlj(ipQ,tpi) to with 
initial data 

{ipo = ipo + Ki^o, '^i)g{a),i'i =i'i- Kil^o, 'il)i)kg) G M, 

where (V'c'^i) G -M)- Then {'>p{ipo,'>pi){t),dttpi^po,'^i){t)) G Af for suffi- 
ciently small \t\ (in other words, N is locally in time invariant under the 
action of the equation (E2]jj and {ijj{tl^o,tlJi){t),dt'ilj{'ipo,il^i){t)) G {x)^^H^ x 
for allt> 0. 

Furthermore, M is a centre-stable manifold for U.l\) . 

The set M is not optimal from the point of view of scaling (one only needs 
half a power of decay instead of a full power), but we choose this setting to 
simplify the computations. 

1.2. Linear estimates. Consider a Hamiltonian of the form H = —A + V 
with a resonance at zero, where y is a real- valued scalar potential on M^. 

We assume {x)V G L^/^'^. By |Sim| this is sufficient to guarantee the 
self-adjointness ol H = —A + V . It has been shown in |Becj that H has only 
finitely many negative eigenvalues. 

We prove dispersive estimates for the continuous part of the spectrum, 
in which we have to account for the resonance as well. For simplicity, we 
assume in the course of the proof that H has only one negative eigenvalue 
— fc^ with corresponding eigenfunction but the proof works in the same 
manner for any finite number of negative eigenvalues. 

Our starting point is Lemma 12.61 which provides an expansion of the 
Kato-Birman operator [I +V Rq{\^))~'^ at zero. We also make use of Lemma 
12.71 which treats the case of the free evolution. This leads to the reverse 
Strichartz estimates of Proposition 11.61 
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Proposition 1.6. Assume that {x)V G L^^"^'^ and that H = —A + V has a 
resonance (p o-t zero. Then for t > 



sin(tVi/)P, 



H 



fix) 



cos{tVH)Pcfix) 



4tt 



* sin(s\/^) 



fix)ds + S{t)f{x) 



<f>^V(t> cos{sV^)f{x)ds + C{t)f{x), 



where S{t) and C{t) satisfy reverse Strichartz estimates: 



\\S{t)f\\ 



\\S{t)f\\^^^. < 



[ S{t-s)F{s)ds 
Jo 

[ S{t-s)F{s)ds 
Jo 

[ S{t-s)F{s)ds 
Jo 



< 



\\C{t)g\\ 



< 



< 



[ C{t-s)G{s)ds 
Jo 



\\cm\L^L} < 



< 



Jx -^t I i-^a: -^t 



C(t-s)G{s)ds 



F\ 

F\ 



12; 

Il3/2,i; 

r6/5,2. 



r3/2,l r2l 



Ir3/2,lrl, 
J^x ^+ 



5ll|v|-iL3/2>i; 



1.3. History of the problem. The study of this problem was initiated 
by Krieger-Schlag |KrScj . who proved the existence of a co dimension-one 
Lipschitz manifold of compactly supported radial initial data 

iiJo,i^i) X H^, supp(V'o - 0), supp(V'i) C 5(0, i?), 

that lead to global-in-time solutions of the form 

Ipix, t) = (j){x, ttoo) + V{x, t), 



where |aoo - 1| < llV'o - '/'IIhs + ||V'i||h2, \\v{t)\\L^ < {t) i(||V'o 
IIV'iIIh^)) and V scatters. 

One of their main results is the representation formula 



1^3 + 



sm{tVH)P, 



H 



co(V'®V')+5(t), \\S{t)f\\L^ <t-^\\f\\w^.,. (1.3) 



More generally, the Cauchy problem for equation (jl.ip was studied by 
Ginibre-Soffer-Velo |GSVj . A number of results using alternate methods 
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have been obtained for this equation by Kenig-Merle [KeMe] . Duyckaerts- 
Merle [DuMej . Duyckaerts-Kenig-Merle [DKMlj . |DKM2j . |DKM3j . Krieger- 
Schlag-Tataru [KHT] . Krieger-Nakanishi-^Schlag [KNSlj . |KNS23. for solu- 
tions of energy less than that of the soliton <j) or slightly above it. The 
present work seeks to complement such results. 

In the current paper we replace pointwise decay estimates such as (jl.3p 
with reverse Strichartz estimates, proved in Proposition 11.61 in ^-n approach 
derived from fBeGoj (which treats the case without eigenvalues or reso- 
nances). In order to deal with the resonance, we use the same method as in 
[Bee], inspired by Yajima |Yaj| . 

This enables us to reduce the number of required derivatives from three 
in |KrSc| to one in the statement of Theorem 11.11 and to prove the solution's 
continuous dependence on initial data. The same improvement also makes 
possible the centre-stable manifold result of Proposition II. 5i 

It is likely that Theorem 11.11 is optimal, as illustrated by the observation 
below. Proposition 11.51 is not optimal from the point of view of scaling, but 
can be easily improved to become so. 

Remark 1.7. In condition 12.51 consider the simplified ansatz 



Note that Vda<p = ^da(f>, since da(p is a resonance. Then 







This suggests that tpi needs to be taken in the Kato class IC or in 

^3/2,1 

SO that this pairing is meaningful. Alternatively, the assumption that the 
initial data is in x only leads to a{t) £ Lf, which is insufficient to close 
the loop. This shows that the conditions of Theorem 11.11 may be optimal. 

2. Proof of the results 

2.1. Notations. Let Ro{X) := (— A — A)^^ be the free resolvent correspond- 
ing to the free evolution e**^ and let i?y(A) := (—A + V — A)~^ be the per- 
turbed resolvent corresponding to the perturbed evolution e~^^^ . Explicitly, 
in three dimensions and for ImA > 0, 

1 p«A|x-y| 

R,{X^){x,y) = -. (2.1) 

47r \x — y\ 

We denote Lorenz spaces by L^''^, 1 < p, (7 < oo (see |BeLoj for their 
definition and properties), Sobolev spaces by VF*'^, s G M, 1 < p < 00, and 
fix the Fourier transform to 



/(r?) = (2^)-i / e— ''/(x)dx, f\x)= / e'^^ f{r^) dr^. 

Also, let 
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* XA be the characteristic function of the set A; 

* be the space of finite-mass Borel measures on R; 

* 5x denote Dirac's measure at x; 

* (x) = (1 + 

* B{X, Y) be the Banach space of bounded operators from X to Y] 

* C be any constant (not always the same throughout the paper); 

* a<h mean \a\ < C\b\; 

* 5 be the Schwartz space; 

* n (8) v mean the rank-one operator {■,v)u. 

2.2. Setting up the problem. Let us make the ansatz 'ip{x,t) = u{x,t) + 
4>{x,a{t)) and a(0) = 1. Then u satisfies the equation 

dMt) + H{a{t))u{t) = -d!{(t>{x,am + N{u{t),(t>{am, 
ti(0) = Vo - dtu{0) = ^1 - d{0)da(t), 

where H{a{t))u = -Au + V{a{t))u, 

V{a{t))u = -5^^{x,a{t)) = -5a{t)(l)^{a{t)^/^x,l), 

and 

N{u, (p) = 1003 + 10(/>\3 + 5(/)n^ + u^. 

We assume that d G Lj is small, so that a{t) resides in a small neighbor- 
hood of 1 for all t. The equation can then be rewritten 

dfu + Hu = -dfi(l){a{t))) + {V- Via{t))uit) + 7V(u(t), </.(a(t))), 
Following |KrSc| . letting U := (^q^^ ' ^ ( i7 o) ' ^^'^ 





-dii^iam + iV- Viamuit) + iV(n(t), 0(a(t)))^ 
we obtain 

dtU = nu + w. (2.2) 

The spectrum of "H consists of iMU{zb/c} and the eigenvectors corresponding 
to ±A;(1) are 

The Riesz projections corresponding to ±k are, for ~ ^ 

Applying these two projections to equation (12. 2j) . we obtain, for x±{t) :- 
dtx±{t) = ±kx±{t)T{W,JG^). 
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Solving this system of equations, we obtain 

x±{t) = e^^'xiiO) T re±(*-^)'=(2A;)-V2(_a2(^(a(s)))+ 
Jo 

+ {V- V{a{s)))u{s) + N{u{s),(l>{a{s))), g) ds. 
Integrating by parts, 

[\^('-'^'^{2k)-'/^{dM^,ais))),g)ds = 
Jo 

= {2kr'/^a{t){da<l>{a{t)),g) - {2kr^/^e^"'d{0){da<l>,g)± 

±{2k)-^/^ [ eM'-'^^h{s)k{da(l){x,a{s)),g)ds. 
Jo 

Taking into account the fact that {da(l>, g) = 0, this leads to 
x±(t) = (2A;)-V2e±**^(A;(V;o -<t>)T 

± {2k)-^l''a{t){da4>{a{t)) - a{tr'/^dact>,g)T 

ft (2.3) 

T(2fc)-i/2 / e±(*-^)^TA:d(s)(aa(/>(x,a(s))-a(s)-5/^a„</.)+ 
Jo 

+ {V- V{a{s)))u{s) + N{u{s),4>{a{s))),g) ds. 

The projection Pc(l) on the iM component of the spectrum of is 
given by 

<;0^(^^^( GO •("-/)) (4 

" 2ki (/i) ' ) {-kg 

7o - {fo,9)9^ 

Jl - {fl,9)9y 

With Pcf = f—{f,g)g being the projection on the continuous spectrum 
of H, the equation becomes 



Pcu{t) = cositVH)Pcii^o -<P) + ^^^^^^^(Vi - a(O)5a0)+ 



+ I ^^^^^ ( - dUms))) + {V- V{a{s)))u{s)+ 

+ N{uis),(t>iais)))) ds. 
A further computation shows that 



^= '—di<j){a{s)) ds = j= a(O)5„0+ 

V-n V-n 

t 



+ I cos{{t- s)VH)Pca{s)da<t){a{s))ds. 
Jo 
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We thus obtain 



V H 



VH 
+ / cos((t - s)\/F)Pca(s)5a0(a(s))ds. 

(2.4) 

Further note (following [KrScj ) that cos{t^fH)Pcda4> = 5ai;^ and, for a{s) G 
[-1/2,2], 

a,0(x,a(s)) = a(s)-5/4a,0+ (a(s) - l)0((x)-3), 

where the difference satisfies symbol-type estimates under differentiation. 
Thus 

t 

cos 



{{t - s)VH)Pca{s)da^{a{s)) ds = / {l/a{s)fl^h{s)<l)ds+ 

Jo 

+ / cos((t - s)VH)Pcdis){da(l)iais)) - a{s)-^^^dacl)) ds. 
Jo 

At the same time, by Proposition 11.61 letting Q = — . ^ ^ <,n da(f> 'S> Vda(l), 

{V,da4>)^ 

cos{tVH)Pcg = C{t)Pcg + Q f cos{sV^)gds, 

Jo 

[ cos{{t- s)VH)PcG{s)ds = [ C{t- s)PcG{s)ds+ 
Jo Jo 

+ Q [ [ cos{{t - s)V^)G{s)ds, 

Jo Js 

where C{t) satisfies Strichartz estimates, and 

Jo \J-i\ 



ft 



Jo V H Jo 



t rt 



Js 



sm 



+ Q / — ' -F{s)dTds 



where S{t) also satisfies Strichartz estimates. 
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We impose the condition that at any time t > the multiples of da(, 
cancel each other out in (j2.4p . Taking the time derivative, this reduces to 

(l/a(t))^/^d(t) - ^^^^(cos(tV^)(V'o - + '"^^V i + 
^ j-' sm{{t-sW^) _ + ^(^(,)^ <P{a{s)))) ds+ 







+ J cos((t - s)^/^)d(s)(5„0(a(s)) - a{s)-^/^da^) ds, Vda<p) = 0. 

(2.5) 

A simpler condition arises from (j2.5p at time zero: we obtain 



4tt 

Assuming condition (j2.5p holds, the equation for u becomes 

u{t) = C(t)(Vo - 0) + ^(t)^/'! + r 5(t - - V{a{s)))u{s)+ 

Jo 

+ Niu,(l){ais))))ds+ I Cit-s)dis)ida(piais))-a{s)-^/^da(i))ds. 







(2.6) 

Consider auxiliary variables uq and ao(t) and rewrite equations ()2.3p and 
dMD and condition (I23D thusly: 

u = PpU + PcU = {2k)-'^^'^{x+{t) + x_(t))5 + PcU, (2.7) 



x±(t) = (2A;)-i/2e±*fc(A;(V;o -</.) tV'i,5>± 

± (2A;)-V2ao(t)(a^0(ao(t)) - ao(t)-'/'aa(/., <7>T 

ft {21 
T(2A:)-i/2 / e±(*-^)'=(Tfcdo(s)(9„</.(ao(s))-ao(5)-^/^a,,/.)+ 







+ {V- V{ao{s)))uo{s) + A^(uo(s), '/'(ao(s))), ff) ds, 



PMt) = C{t){tl;o-^) + S{t)^i+ / 5(t-s)((y-y(ao(s)))uo(s)+ 

JO 

+ N{uo{s), (A(ao(s)))) ds + / C(t - s)do{s){da^{ao{s)) - ao(s)-^/^9a(/<) ds, 

Jo 

(2.9) 
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and 

a{t) = aoitf/' 



+ 



+ 



7^ 



cos(t^/^)(V'o -(/>) + — ^ -01+ 
((F - ViaoimMt) + N{uo{t), 0(ao(t)))) ds+ 



cos 



0. 



(2.10) 

To this system of linear equations in u and d we impose the further initial 
conditions a(0) = ao(0) = 1. We then solve it by a fixed point method, 
whose two parts are presented in Sections 12.31 and 12.41 



2.3. Stability. We first show that a ball in the complete metric space 
X := {{u,a) \ ue Ll'^L^ D L'^lf D L^L], d G n L°°, a(0) = 1} 
with distance 



\\6u, 6a\\ 



X 



\U\\ r6,2 



1 + d 



is stable under the action of the mapping $((mO) Qo)) := {u,a), for sufficiently 



small 



||v|-iL3/2,in/f 



1 and 



^l|lL3/2,lnL2- 



Proposition 2.1. There exists eg such that for any e < eo and whenever 
11(^^0, ao)||x < e and llV'o - 'All|v|-iL3/2,inHi + ||V'i|lL3/2,inL2 < ce and {k{'il;o - 
0)— = 0, there exists a unique h := h{uQ,ao) < such that the system 
^2.7^2. lO\) . with initial data tpo = tpo + hg, tl^i = ipi — hkg admits a solution 
{u, a) e X with II (u, a) - (0, 1) ||x < e- 

To begin with, assume that ||(uo,ao) — (0, l)||x < e < eo, with eo to be 
specified later such that in any case eo < 1/2. Then ao{t) G (1/2,3/2). 
Recall that under these circumstances 

\dact>{ao{t)) - ao{t)-'/^dacP\ < 0((x)-3)|ao(t) - 1| < 0{{xr^)\\doUi 

and the difference satisfies symbol- type estimates. Thus 

\\do{t){da^{aoit)) - aoity'^/^da 



Li|V|-iL^''^'^nLji/inLi°°|V|-iL^''^'^nLf'i/i ^ 

-11-11 11-11 ^2 

Along the same lines, observe that 

ao{t) 



\<P{ao{t)) - < 

-l±i|(ioi|l 



\da4>ia)\ da 



< 



lillaoll 



\da4>{a)\ da 



pointwise and 



da'Pia)\ da .< ||do||i < 1/2. Thus ||(/.(ao(t))L6.2 



H 



is bounded by a constant. 
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Furthermore 

/ao{t) !■ 
\daV{a)\da < 



13 



l±ll<iol|i 



\daV{a)\da 



pointwise and 



Therefore 



l±||do||i 



\daVia)\da 



LinL°° 



< llaolli. Thus 



\\V{ao{t))-V\\i^ir.rnL^^,<\\ao\\i. 



\\{Viao{t))-V)uo{t)\\ 
\\{V{ao{t))-V)uo{t)\\^^,., 



.7; 



< 



< 



\\{V{ao{t))-V)uo{t)\\^s„,,^, 



< 
< 



|y(ao(t))-y 11,3/2,0 



\V{aoit))-V\\ 

.3/2.1, , II«o||l!?=L? 

\ao\\i\\uo\\L^L2 < e^; 



|F(ao(i))-F||^3/2,i 
|ao||i||^io|lL-Li ^ e^- 



We obtain 



||(y(ao(i)) - ^)W0(i)IU/5,2 ,3/2.1 2nr3/2.1rl 



< 



e . 



Next, we examine the nonlinear term N {uQ{t) , (l){aQ{t))) . Note that 

lkolli6/5,2^cx, ^ ||'W0||^6,2j 



|5 ^ < ^5 



1^0114/2.1 ri < \\u\\%^JMl^lI ^ 



and 

||(/>(ao(t))^no(t)2|| 6/ 
\\<P{ao{t)fuo(.tf\\rV^, 



^ u/ 5,2 7- 00 rs-i 



< 



4/2,1^1 



< 



< 
< 



I </'(ao(t)) 11.6.2 



3 



r6,2.oo ^ II^OII r6,2 ^ 



2 <^2 

a: -i^t ' 

5.2roo||^o||L?>L2 



|U0|li6.2ic. 
I (/)(ao (i ) ) 1 1 r 6.2 , oc I ho 1 1 r 6.2 r oc 1 1 1 1 L- L} 



l^ollrprpclluollLocrl 



< 



The other terms in N {uo{t) , (l){ao{t))) can be treated in the same manner. 
Overall we obtain 

||A^(uo(t),</.(ao(t)))||^6/5.2^^^^3/2.i^2n4/2.i^i < 

We solve the equation with ipQ, ipi as initial data. Concerning the projec- 
tion on the discrete spectrum, note that k{ilJo — (f)) + ipi = k{ilJo — (f)) + ipi 
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and for any 1 < p < oo 



Ik-llLiflL- ^ IIV'O - </'ll|V|-iL3/2,iniji + ||V'l|lL3/2,inL2 + 

+ \\{V - F(ao(t)))no(t)|L3AiM + ||iVK(t),<^(ao(t)))|L3/2,i,i 
^ Uo - 0|||v|-iL3/2,iniri + ||V'i||L3/2,inL2 

Regarding x+, note that k{i{jQ — (j)) — ipi = 2hkg and rewrite ()2.8p as 

x+{t) = {2k)-'/^e"'(2h{kg,g)- e-^'^(-A:do(s)(a,0(ao(s)) - ao(s)-5/4a,0)+ 

+ {V- V{ao{s)))uo{s) + iV(uo(s), </'(ao(s))), 5) ds^ + 
+ {2k)-^/^ho{t){da(t>{ao{t)) - ao{t)-''/^dacl),g)+ 

/oo 
e(t-^)'=(_A;ao(s)(a„<^(ao(s))-a,,/.)+ 

+ (y - y(ao(s)))no(s) + N{uo{s), ,/.(ao(s))), 5) f^s- 
Note that 

i2k)-'/^ho{t){da(t>{ao{t)) - ao{t)-''/^da(t>,g)+ 

/oo 
e(*-^)'=(-A:do(5)(a,0(ao(5)) - a^{s)-'''^da^)+ 

+ {V-V{a^{s)))u^{s) + N{u^{s)A{a^{s))),g)ds < 

< WhohinL^WdaHaoit)) - ao{t)-'>/^danL^L^^ + 

+ \\iV- i^(ao(t)))txo(t)||^3/2,i^, + ||iVK(t), 0(ao(t)))||^3/2,i^i < e\ 

Thus G -L^ n -L°° if and only if 



00 



2kh{g,g) = / e-'\-kh^{s){da<li{a^{s)) - a^{s)-''l^da<t^)+ 
Jo 

+ iV- Viao{s)))uo{s) + N{uo{s),<))iao{s))),g) ds. 



This determines a unique value of /i = /i(uo, ao) and computations along the 
same lines as above show that \h\ < e^. Combining the estimates for 3;+ and 
X- we obtain that for this unique value of h 
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Concerning PcU, note that Pc{ipo — (j)) = Pc{tpo — 4>) and PcV'i = V'l- By 
the Strichartz estimates of Proposition 11.61 we obtain that 

\\PM\Ll-^LfnL^^fM^Ll ~ IIV'O - 0|||v|-iL3/2.inifi + 11^1 llL3/2,inL2 + 

+ \\{V- y(ao(t))H(t) + N{uo{t), (/>(ao(t)))|| 6/5.2_^,3/2,l .2nr3/2,l .1 + 

+ ||do(t)(5a0(ao(t)) -ao(t)"^/^5a(/))||^i|^|_i^3/2,l^^i^i 

^ IIV-o - 0|||v|-iL3/2.inHi + IIV'i|lL3/2,inL2 + 

Finally, from ()2.10p and Lemma 12.71 we hkewise obtain 

^ 11^0 - </'|||V|-lL3/2,l + 11-01 |Il3/2,1 + 

+ \\{V- ViaoimMt) + Niuoit), </.(ao(t)))||^3/2,i^i + 
+ \\do{t){dacP{ao{t)) - ao(t)-^/^a,,^)||^,|^|_,^3/2.i 

^ IIV-o -'/'|||v|-iL3/2.inHi + ||V'i|lL3/2,inL2 +e^. 

Putting together the previous estimates, we arrive at 

11(^,0) - (0, l)||x < \\ipo - </'|||v|-iL3/2,inHi + ||^i||L3/2,inL2 +6^. 

By making HV^o -</'|||v|-iL3/2.iniji + llV'i llL3/2.inL2 less than ce, for sufficiently 
small e we arrive at \\{u, a) — (0, l)||x < e- 

2.4. Contraction. We next show that the mapping (uo,ao) iu,a) is a 
contraction within a sufficiently small sphere. 

Proposition 2.2. Consider two bounded solutions {uq, Oq) i— )• {u^, a^), (uq, Oq) i— t- 
(n^,a^) o/ the system {2. 7\]2.l0\) with initial data {ipl + h{uQ, aQ)g,'ijjl — 
h{uQ,aQ)kg), 1 < j <2, such that 

IIV'oll|v|-iL3/2,iniji + IIV'illL3/2,inL2 < cei < c/2, 1 < j < 2, 
and \\{ui,ai) - (0, l)||x < ei < 1/2, 1 < i < 2. Then 
\\{n\a') - (u',a')\\x < ei||(4,aj) - (ng,ag)|U + 

+ Uo - V'oll|v|-iL3/2,iniji + llV'i - V'?llL3/2,inL2 

and 

l^(^o>ao) - /i('"0)ao)l ^ eilK^o^ao) - (^^0'ao)IU- 
Proof. A simple computation shows that 

lidaHalit)) - ality^/^dacP) - ida<Pialit)) - alit)-'/^dacP)\ 
< \al{t) - al{t)\0{{x)-') < - dlhiOiixr') 

and the difference satisfies symbol-type estimates. 



16 MARIUS BECEANU 

As in the previous section we arrive at 
\\al{t){daHal{t))-al{t)-'/^da^)- 

< ei||('Uo,Oo) - {ul,al)\\x- 
Likewise, 

\V{al{t))-V{alm< r^\daV{a)\da 

Jalit) 

implies 

\\V{al{t)) - V{al{t))\\LiLrnL^^, < H - dlhi 

and thus 

WiVialit)) - V)ulit) - (Vialit)) - V)ulit)\\^e/..2 ^^^^3/.^ ^,^^3/2^ < 

< €i\\{ul,al) - {ul,al)\\x. 

Furthermore, 

Uialit)) - cl){alm\Ll-H^ ^ ll«o " «oIIli 

impUes 

X X fx f, 



ei||(^^o>«o) - {uo,ao)\\x- 

Subtracting the two corresponding copies of (|2.8p from one another, we 
obtain 

\\x]_ -x^.lliinL- < ei|lK,«o) - {ul,al)\\x + 

+ IIV'o - '0oll|v|-iL3/2,iniji + - ^?llL3/2.inL2- 

Taking the difference of the equations for x^{t) and x'^{t), we obtain that 
x\^{t) — x'^{t) is bounded if and only if 

2k{h{ulal)-h{ulal)){g,g) = / e'^'' {-khl{s){da4>{al{s)) - al{s)-'''^da^)+ 

Jo 

+ iV- V{al{s)))ul{s) + Niul{s),c^{al{s))),g) ds- 



00 





+ {V- V{al{s)))ulis) + Niul{s),<P{al{s))),g) ds. 

(2.11) 

On the other hand, since x lit) and xlit) are in fact bounded, their difference 
must be bounded also, so (|2.1ip must hold. Hence 

\h{ul,al) - h{ul,al)\ < ei||(uj,aj) - (ug,ag)||x, 

which was to be shown. Furthermore, under this condition 



x+ -x+lliinLoo < ei||(uo,ao) - iul,al)\\ 
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Consequently 

||Pp^/^ -PpM^ii < ei\\{ul,al) - {ul,al)\\x+ 

By subtracting two copies of (j2.7p from one another we likewise obtain 

\\PcU^ - Pcu'^\\L<i'H?-nL--L?nL-°L} ~ eill(4'"o) - ('"o>«o)IU+ 

L X i X t 

+ llV'o - ^oll|v|-iL3/2.ini/i + llV'i - V'?llL3/2,inL2 
and doing the same for (j2.10|) leads to 

- a^lliinL- ^ eill('"o>ao) - (^^o>«o)IU+ 

+ llV'o - V'oll|v|-iL3/2.ini/i + llV'i - V'l llL3/2,inL2. 
Thus we have proved that 

\\{u\a') - {u^a')\\x < e,\\{ulal) - {ulal)\\x + 



+ llV'o - V'oll|v|-iL3/2,inHi + IIV'i - V'?llL3/2.inL2- 



□ 



2.5. Proof of the main theorem. 



Proof of Theorem The proof is a straightforward application of Proposi- 
tions [2TT]and[221 For sufficiently small initial data, i.e. |V'o~0ll|v|-i|L3/2.ini/i~'~ 
11-01 11^3/2, inL2 small, take 

e = ei = CdlV'o - 'All|v|-iL3/2,inHi + IIV'i llL3/2.inL2)- 

For fixed initial data (cpo, (pi), consider the sequence {u^, a^) = (0, 1), {u^, a") = 
^{u"'~^, a"~^) for n > 1. By induction it follows that for every n, by Propo- 
sition EH ||(u",a") - (0,l)||x < e and |/i(u",a")| < e^. By Proposition 

||(n",a") - (n"-\a"-i)||x + \hiu"'\a^-') - ^(n"-^a"-2| < 

<ei||K-i,a"-i)-K-2,a-2)||x. 



For sufficiently small ei it follows that the sequence (M",a"') converges in 
X to some limit {u,a), which by the above must fulfill ||(ii,a) — (0, l)||x ^ 
e. Likewise, h{u"',a^) converges to a limit, /i('0O)V'i) = h{u,a), such that 
IMV'o,V'i)l <e'. 

By passing to the limit in (j2.7H2.10]) we obtain that u and a fulfill the non- 
linear system (|2.3p . (j2.6p . (|2.5p . and (j2.7p . with initial data (V'o+^(V'0) V'l)^) V'l" 
hi^Oii^ijkg). Then V'(V'O) V'i)(*) "uCt) + 0(o(t)) satisfies equation (jl.ip for 
i > with the stated initial data. 

As stated above, one has that \\{u, a) — (0, l)||x ^ e and furthermore, by 

interpolation, ||n||^8 < ll-uH^V^H-uHy^ 2 < £• 
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We next perform a comparison between two solutions {u^,a^) and {u^jO^) 
with different initial data, (^q + h{il>Q,ipl)g,iljl — h{ijjQ,il}{)kg), 1 < j < 2, 
again using Proposition 12.21 We obtain 



{u\a')-{u-',a^)\\x<ei\\iu\a')-{u^a^) 



X- 



+ IIV'o - iPo\\\v\-iLS/2,inm + 11^1 - V-^IIls/ 



2,inL2) 



so 



|V|- 

We also obtain that 

\h{i;l^Pl) - hi^Pli;l)\ < ei\\{u\a') - {u^a^)\\x 



< 



eidlV'd - V'oll|v|-iL3/2,iniji + Ui - ^1 llL3/2,inL2)- 
Furthermore, 

- i;i^Pl^l)\\^6.2^^ < \\u^ - u^\\^e.2^^ + ||(/)(a^(t)) - 0(a2(t))||^6.2^^ 
<\\{u\a')-{u^a')\\x 

^ llV'o - V'oll|v|-iL3/2,inHi + IIV'i - ^?||L3/2,inL2- 
Concerning energy, let v = ^p{■^po,'4'l){t) — (p = u{t) + (p{a{t)) — cp. Clearly 

llV'o - V'oll|v|-iL3/2.ini/i + W^i - V'illL3/2,inL2, 

< (1 + {t2 - tl)'/')(||V'0 - V'olllVI-W.mifi + IIV'l - V'?llL3/2.inL2)- 

In addition, f satisfies the equation 

d'fv{t) -Av = -Vv{t) + N{v{t), (/)), 

v{0) = -00 + h{'4'o,'4'i)9 - 4>, dtv{0) =ipi- h{'4)o,ipi)kg. 

We obtain an equation akin to (j2.4p : starting at time T 



v{t) = cos((t - T)^)v{T) + !M(^_£)^^5,KT)- 



(2.12) 



/T 

Recall the classical Strichartz estimates of Keel-Tao |KeTa) , in particular 



/ / — . sinftV— A) ^ 
cos(t\/^)/o + ^Z— ' h 



< 



ll/ol 



+ II/iIIl2. 



The first two terms in (|2T^ are clearly in LfH];. n W^'^^Ll n L^Ll^: 



cos((t - T)V^)viT) + 5,.(T) 



< 



< 



viT)\U, + \\dtviT)h2. 
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Also note that 

II - Vv{s) + N{v{s),(P)\\Li[T,T+to]Ll < 

< todkll^.a^oo + Iblli6,2j-c„) +4'^^||w||t8[T_r+jo]i8 + ll^lli5[T,T+to]Lio 

^ (*0 +*o^^)(||'i/'0 - ^ll|v|-iL3Aini/i + IIV'lllLSAinLO + \Mll[T,T+to]Llo- 
Then 

/•* sin((i - s) / / / X 

ir ^~ V{ais))uis)+ 



< 

L°° [T,T+to] HlnWf'°° [T,T+to] nLf [T,T+to]LlP ~ 



+ A^Ks),(^(a(s))))ds 
^ II - Via{s)))uis) + N{uis),ct){aism\LiiT,T+to]L^^ 

^ (*0 + V )(IIV'0 - </>|||v|-iL3/2.ini/i + ll^lllL3/2.inL2) + \HLl[T,T+to]Llo- 

By a fixed point argument, for sufficiently small to, sufficiently small HV'o — 
•i^ 1 1 1 V I - 1 1,3/2.1 ni?i + 1 1 ^1 1 1 i3/2,i > and sufficiently small || v (T) 1 1 + 1 1 ^fu (T) || ^2 , 
we obtain that veLf[T,T + to]Hl n Wl'°° [T, T + to]Ll n Lf [T, T + to\Ll^. 



Let 



E{t):=]-j \Vv{t)\^dx+ j {dtv{t)fdx. 



By conservation of energy we obtain that on any interval [0,r] on which 
E{t) < oo, for any t G [0,r] 

E{t) -If \Vcf)f + 2V4> ■ Vv{t) + \Vv{t)\^ dx+ I {dtv{t)f dx- 

O 7r3 

+ Q<j){v{t)f + {y{t)f dx 
is constant in t. Since 

/ V(p-Vv{t)dx = - A(l)vdx= / (l)^vdx 

7r3 J-^3 JjjS 

and ||f 11^6,2^00 < 11^0 - ^ll|v|-iL3/2,iniji + ll^i llL3/2,inL2, we obtain that for 
every t e\o,T] 



2 



E{t) < EiO) + (11^0 - 0ll|v|-iL3/2,ini^i + ||^i|L3/2,inL2) 

^ (IIV'O - 0ll|V|-lL3/2.1nijl + IIV'l|lL3/2.1nL2)^- 

We can then bootstrap to the interval [0, T + to] by the above argument. 
Thus the energy of v{t) remains bounded for all t and 

IHqitiMLlP ~ (1 + (*2 - *l)^/^)(||^0 - 0ll|V|-iL3/2.iniji + ||^l||L3/2,inL2)- 

□ 
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Proof of Proposition HOI Write v{0) = V'o + hog — (j), dtv{0) = ijji — h^kg, 
where 

2kho{g,g) = {{kv{^)-dtv{Q),g) 

and {k{'4)o -(/))- 'tpi,g) = 0. Then \ho\ < e, so HV'o - '/'ll|v|-iL3/2,ini/i + 
||^i||i3/2,inL2 < e. 

For sufficiently smah e, this means that (ipQ = + h{ipo, Tpi)g, ipi = ipi — 

h{il>o,ipi)kg) are the initial data for the global solution ilj{7pQ,'ipi)(t) described 

by Theorem 11.11 Write '(/'(^O; '0i)(O = '?^ + ^'(*)) where ||^'(i)|| 7-6,2 roo < e by 

^ t 

Theorem II. li 

Both v{t) and v{t) admit decompositions 

v{t) = {2kr^/\x+{t) + x-{t))g + PMt), 
d{t) = {2kr^/\x+{t) + x-{t))g + PMt), 
where x± and x± satisfy the equations 

= i2k)-'/^e^'''{kv{0)^dtv{0),g)^ 

T{2k)-'/^ fe^^'-'^'{N{v{s),<t>),g)ds, 
Jo 

x±(t) = {2k)-'/h^"'{k{i^o - 0) T i'i,9)T 

T{2k)-'/^ fe^^'-'^'{Nivis),cl,),g)ds. 
Jo 

Likewise, Pcv{t) and Pcv{t) satisfy the equations 



V H 



Sm{{t- s)^)Pc, / ^ .^ , 

+ / ^ ^ N{v{s),^)ds, 

Jo 



H 



PMt) = cos(^^/l^)Pe(V'o - + 



sm{{t-s)VH)Pc,^,., , , 
+ / — ^4 ^—N{v{s),(l))ds. 



VH 

We subtract each pair of equations from one another. Note that 

kv{0) + dtv{0) = kiiJo - V^) + V'l = A;(^o -<P) + i'l- 
Consequently 

= (2fc)-i/2 f e-('-'^'^{N{v{s),(^) - Nms),^),g) ds 

and so 







\x- - x_||roo < e\\v - v\\r6aroo- 
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Likewise, 

x+{t) - i+it) = {2k)-'/^(2k{ho - /i(Vo, V'i))(<?,5)- 

\^'-'^>'{N{v{s),cl>) - N{v{s),(P),g)ds 



Since x-^{t) and x-^{t) are both bounded (here is where we use the assump- 
tion that (i)||j;^ooj;^2 < c«), so is their difference, implying by the same 
process as before that 

/■oo 

2k{ho-hi^l^o,i;l)){g,g) = / e''''{N{vis),<p) - N{vis),(f>),g) ds. 

Jo 

Consequently 

1^0 - h{ipo,ipi)\ < e\\v - v\\j^b^,2j^^. (2.13) 

Then 

/oo 
e^'-^^''{N{v{s),^) - N{v{s),cP),g)ds 

and 



\x+ - x+Wl-^ < e\\v - ■u||^6,2^^. 



Finally, 



so 



PMt) - Pcv{t) = f ^2^^^L^BEl^N{v{sl </>) - N{v{s),ct>)) ds, 
Jo vH 



\PcV - PcV\\r6,2roo < e\\v - v\\r6,2, 



Putting all these estimates together, we obtain that 

For sufficiently small e, this implies that v = v,so by (I2.13P /iq = /i(V'0;V'i)- 
This implies that ifj G N . □ 

Proof of Proposition \1.5\ Consider a solution to (jl.ip with initial data {ipQ + 
h{ipo,ipi)g — (j),'ipi — h{ipQ, il>i)kg) in J\f. Theorem 11.11 applies and we obtain 
■0(V'o, V'i)(i) = u{t) + (/>(«(*)) for t > 0, where 

a(0) = 1, \\d\\Li < IIV'o - <^||(2.)-i^i + ||'0i||(x>-iL2 

and 

By the local well-posedness for small data theory (which applies to all so- 
lutions, not only those with initial data on M), for sufficiently small e, the 
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solution also exists on some negative interval [— to,0] and 

ll«llLi[-to,0] ^ IIV'O - 0(ao)||^^^-i^i + ||V'l||(x>-iL2, 

\\'"'\\Ll'^L^[-to,o]nL^L'^[-to,o]nL^Ll[to,o]nL^[-to,o]Hlnwl-°°[-^^^ ~ 

< IIV'O - <Piao)\\(^^yiHi + ||V'l||(x>-iL2- 

In fact, we could even replace {x)^^H^ x (x)^^L^ by x in the above 
(for the local theory only). 

As before, let v(t) := Tp{ipo, ipi){t) — 0(ao) = u{t) + (/)(a(t)) — (j){ao). Then 
(j2J2]) shows that 



sin(t\/— A) 
u ^= — (-00 + h{'ipo,iJi)g - (j))- 

v-^ (2.14) 

- cos(t\/-A)(V'i - hNjQ,ilji)kg) . 

as to ~^ 0. Furthermore, 

MLl'HrnLr[~to,oo)Hl + \\^t'"\\LT[-t<^,oo)Ll < IIV'O-0(«o)||(^)-iHi + ||V'l||(x>-iL2. 

and 

M\L^,[t,M]Ll ^ (1 + (^2 - ti)'/')(||V'0 - 'A(ao)||(,) 
hWmt.MWJ' ^ (1 + - ii)'/')(ll^o - </>(ao)||(,)-i^i + ||V'i||(x>-iL2). 
Next, let v{t) = xv{t). Then v fulfills the equation 

dttv{t) - ^Ht) = -2Vf (t) - xVv{t) + N{v{t), v{t), (/.), 
v{0) = x(V'o + /i(V'o,0i)5 - </>), ^^(1) = 2;(V'i - h{^o,'>Pi)kg). 

where N{v, v, cp) := lOcp^vv + Wcp'^vv'^ + 5(j)vv^ + 
However, 

II - 2Vvit) - xy^;(t)||^i[,^^,^]i2 < (t2 - tOdlV'o - <P\\^^)-im + \\M{x)-^L^) 
and, assuming t2 — ti < 1, 

||iV(i)(t),t;(t),0)||^l[,^_,^]^. < (t2 -tl)'/'||^|lL8[,^,,^]^B|b||^8[i,,i,]i| + 
+ (i2-tl)'/'||^|lL8[,^,,^]^8|b||i8[,^,,^]i8 
+ (t2-tl)'/'||^|lL8[t^,t^]i8|b||i8[i^,i^]i8 

+ ll^llL?[ti,t2]Lio|l^llL?[ti,i2]Lio 
<((t2-tl)^/' + l)- 

^0 - 0ll(x>-iifi + ll^lll(x>-iL2)(ll^^llL8[t^_i2]L| + Mmtut2]Llo)- 
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Writing v using the Duhamel formula, we again obtain that 



+ r "^'^((^-f)^) ( _ 2Vv{t) - xVv{t) + N{v{t),v{t), (A)) ds, 

(2.15) 

so 

ll^llL-[tl,t2]HlnW/,^-°°[tl,i2]L?nL8[ti,t2]LBnL5[ti,t2]Li0 ^ 

< Mh)\\Hi + l|5t^*(*l)llL2 + (t2 - h){Uo - + Ul\\{x)-^L^) + 

+ ((t2 - tl)'/' + 1)(||V'0 - + IIV'l||(..>-iL2)- 

• iMLl[tut2]LS + Mmt.MLl'^'^- 

As long as t2 — ti < 1 and llV'o — + is sufficiently small, 

we can solve the fixed point problem regardless of the size of the initial data 
and of the inhomogenous terms and obtain 

ll^llL-[ti,t2]ijinH/,''°°[ii,i2]L?nL8[ti,t2]L|nL5[ti,t2]Lio - + \\dtv{ti)\\L2 + 

+ IIV'0 - <P\\{a:)-^m + IIV'l||(x>-iL2- 

By bootstrapping we obtain that for t > —to 

ll^llL°°[0,i]HinW/t''°°[0,t]L2nL8[0,t]L8nL5[0,t]LJo ~ e*(||V'0-</'||(^)-iHi + ||^l||(a;>-iL2). 

Thus {v{t),dtv{t)) G x {x)-'^L^ for every t G [-to,oo). 

Due to (|2.15p . we also obtain that 



sinft-y/— A) , , , , , , , 

V ^= — x(V'o + h{ipo,Wi)g - <?)- 

v-^ (2.16) 



cos 



(t\/^)x(V'i -/i(^o,^i)%) 



Lt°° [-to ,to] 1 n H^t' ' °° [-to ,to] i| 



as to ~^ 0. Thus, by (j2.14p and (|2.16p . for any 5 > and sufficiently small 
to, for every t G [-to, to] 

\\v{t) - (V'O + /l(V'0,V'l)9 - + ll^t^(OII(x>-iL2 < S. 

For some ti G [—to, to] and {^jJo,'^pl) £ A/q, consider the solution having 
{ip{'iljo,ipi){ti), dtip{ipo,'4'i){t)) as initial data. It exists globally and, for 

V'(V'o,^i)(t) = n(t) + 0(«(t)), 

it has a small ||(n, a)||x norm (being nothing but the solution we started 
with, time-shifted). Then one can find h{ti) and 

V'o = i^ii^o, i^i){ti) - h{ti)g, ipi = dt^p{ipo, ^pl){tl) + h{ti)kg 

such that (^("00 — 0) — "01, 5) = 0- Indeed, this equation reduces to 

2kh{ti){g,g) = {kv{ti) - dtv{ti),g). 
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Thus \h{ti)\ < 6 and IK-^o, ^i)||(^)-ihix(x>-il2 small. Thus (V'cV'i) G M) 
for sufficiently small 6. 

Furthermore, as stated above, the solution to (II. ip ip{t) = u(t) + (j){a{t)) 
having {ip{'>po,tpi){ti) = ■ilJo + h{ti)g,dttp{tpo,tpi){ti) = ^l)i-h{ti)kg) as initial 
data has a small ||(n,a)||x norm. Then, by Proposition 12. H it must be the 
case that h{ti) = /i(-i/io , V'l ) • Thus (■(/'(V'o, V'OCii), ^tV'CV'o, V'l)!*!)) G 

It follows that is locally in time invariant. 

Next, we prove that A/" is a centre-stable manifold for (jl.ip — or more 
precisely that — ((/>, 0) is a centre-stable manifold for equation (j2.5p 

dlv{t) - Av{t) + Vv{t) = N{v{t),^), 

v{0) = -00 + /i(V'o, -01)9 - dtv{0) = V'l - h{'ipo,'>pi)kg, 

where v{t) = ip{t) — (p, relative to a small (x)"^!!^ x {x)~^L'^ neighborhood 
V = {{vo,vi) I 11(^0, ui)||^^^-i^ix(^.)-i2,2 <So} of the origin. 

We prove that J\f — (0, 0) has the three defining properties listed in Defi- 
nition[3) J\f — {(f), 0) is t-invariant with respect to V, 7r^*(AA — (0, 0)) contains 
a neighborhood of OrnX'^eX", and {Af - (0, 0))nW'' = {0}. 

The t-invariance of — (0, 0) is a consequence of the local in time invari- 
ance proved above and has the same proof. Namely, as long as \\{v{t) , dtv{t)\\ ^^^^i h'^x{x)~'^l^ 
is kept sufficiently small, one can use the local existence theory to prove that 
if {v{t), dtv{t)) -{4), 0) then {v{t + 6t),dtv{t + 6t)) G M - {cp, 0) for ah 
\5t\ < 6, with constant S. This can be continued with an arbitrary number of 
steps of equal size, for as long as \\{v{t),dtv{t))\\^^yi^i^^^^^i^2 is controlled; 
moreover, this works both forward and backward in time. 

Next, note that ^^csi{tpo+h{^po,'^pl)g-(|),tpl-h{'^po,^pl)kg)) = {tpo-4>,tpi) G 
A/-0 = X- e X-' and \h{^o,^i)\ < (Uo - + \\M{x)-^L^?- Thus 

7rcs(A/' — (0, 0)) covers a whole neighborhood of zero in X'^ © X^ . 

Finally, assume that A" — (0, 0) contained an unstable solution v. By Defi- 
nitionEl v{t) then exists for all t < 0, ||(f (i), h'<-x(x)-'^l^ < for 

some small Sq and all t <0, and v decays exponentially as f — t- — oo, meaning 
that there exists Ci > such that for ah t < \\{v{t),dtv{t))\\^^'^-ijji^^^'^-ij^2 < e'-^^*. 

Note that in fact it suffices to assume any rate of decay as t — )• — oo. We 
also assume that f ^ in order to obtain a contradiction. 

Since the norm \\{v{t), dtv{t))\\^^^-i^i^^^^-i^2 is controlled for all t < 
by a small constant, we obtain proceeding step by step that {v{t),dtv{t)) £ 
A" - for all t < 0. 

Then due to preservation of energy, as expressed in Theorem ll.il starting 
at time t < 0, 

\\ivio),dMom^,^^2<\Mt),dtvmL)- iii"ix(x>-iL2- 

However, as t — t- — oo the latter norm goes to zero. This leads to a contra- 
diction if v ^ 0. 

□ 
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2.6. Wiener spaces. 

Definition 4. For a Banach lattice X, let the space Vx consist of kernels 
T(x, y, t) such that, for each pair (x, y), T(x, y, t) is a finite measure in t on 
M and M{T){x,y) := d\T{x,y,t)\ is an X-bounded operator. 

Vx is an algebra under 

(Ti or2)(j;,z,t) := y Ti{x,y,s)T2{y,z,t - s)dyds. 
Elements of Vx have Fourier transforms 

f(x,y,A) := / e-''^dT{x,y,t) 

and, for every A G M, riV(A) o T2^(A) = (Ti o r2)^(A). 

The space Vx contains elements of the form 6o{t)T{x,y), whose Fourier 
transform is constantly the operator T(x, y) G B{X). In particular, rank-one 
operators 6o{t)(p{x) (S" ipiy) are in Vp when -0 G X*, G X. More generally, 
f{t)T{x,y) G Vx if /(t) G and T G B{X). 

Moreover, for two Banach spaces X and Y of functions on M'^, we also 
define the space Vx,Y of kernels r(x, y, t) such that M{T){x^ y) is a bounded 
operator from X to Y . The set of such operators forms an algebroid. 

For example, note that Rq{\^) G Vj^-j,/2,i ^cx, H Vli^l3,oo and dxRo{X'^) G 
V^i . Indeed, the Fourier transform in A is 

R^mx,y) = (47rt)-i5|,_^|(t), 

soM(Ro) = Clearly is in B{L^/'^'^,L'^)nB{L^,L^''^). 

Att\x — y\ Ait\x — y\ 

Likewise, {dxRo)^ mx,y) = (47r)-i5|,_^|(t), so M{dxRo) = (47r)-il 1, 

which is in B{L^,L'^). 

2.7. Regular points and regular Hamiltonians. Before examining the 
possible singularity at zero, we study what happens at regular points in the 
spectrum. 

The following two properties play an important part in the study: 

Lemma 2.3. LetToiX) = VRoHX+iO)'^), i.e. fo{t) = V{x){4TTt)-'^5i^_yi{t). 

CI. lim.ji^oo\\x\t\>R{t)To{t)\\v^ir\V^s/2,i = 0- 

C2. For some n > 1 lim.^o \\T^{t + e) - T^{t)\\v^^nv^,/,^, = 0. 

These properties are shown in the course of the proof of Theorem 5 in 
[BeGo] . For the reader's convenience we reproduce the proof below. 

Proof of Lemma \2.3[ . Suppose ^ is a bounded function with compact sup- 
port in a set of diameter D. It follows that for R > 2D 

1 f f in^)l,....M....^^ O-l, 



/ \To{t)f{x)\dxdt<— ^^\f(^y)\dydx<R-'\\V\ 
l\t\>R 47r J J\x-y\>R \x - y\ 
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and property CI is preserved by taking the limit of V in L^^'^'^. 

Next, fix p G (1,4/3] and assume that V is bounded and of compact 

\V(x)\ 

support. Then Tq(X), having a kernel equal in absolute value to - — j r, 

4:7r\x — y\ 

is uniformly bounded in B{X,LP), B{LP,X), and B{LP) for all A, where X 
is Li or L3/2.1. 

Since V is bounded and of compact support, Tq also has the local and 
distal properties 



X<e[\x - y\)-. 



lim 



and 

V{x) 



lim 

R-^oo 



x>r{\x - y\)-: 



= 

B(Li)nB{L3/2.i) 



= 0. 

B(Li)nB(L3/2,i) 



y\ 

Combined with condition CI, this implies that for any e > there exists a 
cutoff function x compactly supported in (0, oo) such that 

\\xip)To{p) -To{p)\\v^,nv^s/2,i < ^■ 

Thus, it suffices to show that condition C2 holds for xip)To{p), where x is 
a compactly supported cutoff function in (0, oo). 
The Fourier transform of x{p)Toip) has the form 

^ iA|x-j/| 

(x(p)To(p))^(A) = V{x)— -x{\x - y\). (2.17) 

4:7r\x — y\ 

Such oscillating kernels have decay in the operator norm for p > 1. By 
the Lemma of |Ste| . page 392, 

||(x(/>)fo(p))^(A)/||i.<A-3/^'||/||i.. 

Therefore 

ll((x(p)ro(p))"(A))^/IU<A-='(^-2W||/IU. 

For > 2 + 2p' /3, this shows that dp{x{p)T{p))^ are uniformly bounded 
operators in B{X), where X is either L} or L^/'^'^. Since {x{p)T{p))^ has 
compact support in /?, this in turn implies C2. 

For general V G L^/^'^, choose a sequence of bounded compactly sup- 
ported approximations for which C2 holds, as shown above. By a limiting 
process, we obtain that C2 also holds for V . □ 

Lemma 2.4. Let T{\) = I + VRq{{\ + i^f ). Assume that V G L^Ai 
and let Aq / 0. Consider a cutoff function x- Then, for e « 1, (x((A — 
Ao)/e)r(A)-i)^ G ViinVi3/2,i. 

Likewise, infinity is a regular point: for R » 1 ((1 — x(A/i?))r(A)^^)^ G 
Vli n Vi3/2.i . 
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Proof of Lemma^ Let 5, (A) = x{^h){VRQ{{X + iQf)-VRQ{{\o + iQf)). 
A simple argument based on condition CI shows that hm^^o ||'S'e||v^inv 3/2 1 ~ 
0. Then, for e < eo/2, 

x(A/6)T-i(A) = x(A/e)(T(Ao) + x(A/eo)(yi?o((A + iO)^) - VRo{{\o + i^?)))'^ 

= x(A/6)T(Ao)-i(/ + 5,o(A)f (Ao)-i)-i 

00 

= x(A/6)T(Ao)-^ ^(-l)^(5,„(A)r(Ao)-^)^ 

fc=0 

The series above converges for sufficiently small eo, showing that (x(A/e)T~^(A))^ G 
Vli nVi3/2,i. 

At infinity, for any real number L one can express the Fourier transform 
of (l-x(A/L))T(A) as 

SL{p) = {f-Li){L-)*f){p)= [ Lf,{La)[f{p)-f{p-a)]da 

Thanks to condition C2, the norm of the right-hand integral vanishes as 
L — )• cxD. This makes it possible to construct an inverse Fourier transform 
for 

(1 - x(A/2L)) (/ + T{X))-' = (1 - x(A/2L)) ^(-1)'= ((l - x(A/L))T(A)) 

via a convergent power series expansion provided L > Li. 

If only satisfies condition C2 then one constructs an inverse Fourier 
transform for (1 - x(A/2L))(/±r^(A))-i via this process and observes that 

N-l 

(l-x(A/2L))(/+r(A))-^ = {l-^(X/2L)){l+{-T{X)f)-' Y.{-1)'t'^{X). 

k=0 

□ 

We next consider the effect of singularities at zero. 

2.8. The effect of resonances. Let 

Q = -^ [ {VRo{0)-z)-Uz 
27rz J\z+i\=5 

and Q = 1 — Q. Assuming that H = —A + V has only a resonance (p ^-t 
zero, then 

Q = -Y(j)^(l), 

The resonance (j) satisfies the equation (f> = —Ro{0)Vcf>. Since (j) G L^'°° n 
L°°, Q is bounded on and on L^/-^'^, so Q € W. Moreover, Q is in 
B{L\L'^/^'^) and in B{L^/^^\L^). 

Note that, since 

^ix\x-y\ _ ^ < ^.^^-^^ _^|^ -y\) ^ e^^l'^-^l - 1 < aV - yf, 
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one has 

,^i\\x-y\ 2 



V{x) - I 1 < V{x)X. (2.18) 

Thus, when V G (x)~^-L^/^'^, T(A) = / + VRq{X) is Lipschitz continuous in 
B{L^). This imphes that, more generally, when V G L^/^'^ T{X) is continu- 
ous in B{L^). 
Let 

K = {I + VRoiO) + Q)-\I - Q). 

Then K is the inverse of / + VRoiO) in ^(L^) n B{L^/^'^), in the sense that 

Kil + VRoiO)) = (/ + yi?o(0))K = I-Q:=Q. (2.19) 

The following lemma (Lemma 4.7 from Yajima |Yaj| ) is extremely useful 
in studying the singularity at zero. 

Lemma 2.5. Let X = Xq + Xi be a direct sum decomposition of a vector 
space X . Suppose that a linear operator L G B{X) is written in the form 



in this decomposition and that Lqq exists. Set C = Lu — LiqLqqLqi. Then, 
exists if and only if exists. In this case 

l-i ^ f^oo + I'oo^oiC'^^LioLqq -LqqLoiC^^\ ^ (2.20) 



We next determine an expansion of T(A)~^ = (/ + VRo{{X + iO)'^))^^ in 
a neighborhood of zero. 

Lemma 2.6. Assume that {x)V G L^/'^'^ and that H = —A + V has a 
resonance (p at zero. Then for A << 1 

r(A)-i = (/ + VRo{{X + i0)2))-i = L(A) - X-'-^^VcP » cP, 

where (x(A/e)L(A))^ G V^i riV]^3/2,i locally and 

r*(A)-i = (/ + i?o((A + iO)^)V)-' = L*iX) - A-i-^</. VcP, 

where (x(A/e)L*(A))^ G Vl°° H V^3,oo for sufficiently small e. 

Proof of Lemma \2.6[ We apply Lemma 12.51 to 

, •n^2^_^QnA)g Qf(A)Q\ _ /Too(A) Toi(A)\ 
r(A) .-I + VRo{{X + ^0) ) - ^^^^^ J .- ^^^^(^^ ^^^^^^j . 

Note that roo(A) := Q{I + V Rq{X^))Q is invertible in B{QL^) for |A| << 1, 
because 

Too(o) = gf (o)Q = Q{i + yi?o(o))g 

is invertible on QL^ of inverse K, see (I2.19p . and Too (A) is continuous in the 
norm of ^(L^), see (f2T8]l above. 



CENTRE-STABLE MANIFOLD 



29 



Assume Too(A) were not invertible in B^QL^^"^'^); then by Predholm's 
alternative there should exist a solution / to the equation / + VRo{X)f = 
in QL^/"^'^ . However, such a solution will also be in QL^, which contradicts 
the invertibility of Too(A) in B{QL^). 

Furthermore, start from Ro{{\ + iO)^) G V^3/2,i^ioo n V 11^^3,00. We know 
that V G Vis.oo^ii n Vioc_i3/2,i. Thus VRq{{\ + mf) G V^^i fl V^3/2,i and Q 
preserves that. Then Too(A) G V^i H V^3/2,i as well. 

Next, since roo(O) is invertible, Tqq^(A) G Wioc- The proof is as follows: 
let S^{\) = x(A/e)Q(yi?o((A + iO)2) - VRq{Q))Q. A simple argument based 
on condition CI shows that limg^o ll'S'e||v^inv^3/2 1 = 0- Then, for e < eo/2, 

x{X/e)T-^\X) = x(A/e)(Too(0) + xi^hoMV R^{{\ + iQf) - VRomW^ 

= x(A/e)Too(0)-Hl + Se,{X)Too{or')-' 
00 

= x(A/e)roo(0)-i ^(-l)^(5,„(A)roo(0)-i)^ 

A;=0 

The series above converges for sufficiently small eo, showing that x(A/e)TQ^^ (A) G 
Vli n V£^3/2,i. 

Concerning the derivative, for e < eo/2 

xi\/e)dxT^,\X) = -x(A/e)rooi(A)x(A/eo)5Aroo(A)x(A/eo)roo\A). 

In this expression x(A/e)roo^(A) G V^i n V^3/2,i and x{^/^o)dxToo{X) G 

Vii_i3/2,i since M(9Aroo(A)) = ^^^1^. Thus xWe)dxT-\\) G V^i^^3/2,i. 
Let 

.... _ T(A)-(/ + Fi?o(O)+iA(47r)-iy0l) 
J(_Aj :— 



A2 

VRoiiX + i0)2) - VRo{0) - iXiAiry^V i 



A2 

Then 

rn(A) = QT{X)Q = Q{I + VRo{X^))Q 
= Q{VRo{{X + iOf)-VRomQ 
= V(P(^ V<p{Ro{{X + iOf) - Ro{0))V(t> » (/. 

= {x\^-X^{^,JiX)V^))Q 

:= [Xa-^ -X^{^,J{X)V(t>)))Q 
■= Xco{X)Q. 

Note that co(0) = ^ 0. Here a := . ,. .„ . 
Here co(A) G if 

/ / F(a;)(^(a;)F(j/)(/)(j/) ^- ^ dxdy< 00. 

Jr3 Jt^3 X\x - y\ L\ 
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For every x and y, 



^i\\x-y\ _ Y 




X[0,\x-y\]{t) 


\\x - y\ 


Li 


k - y\ 



SO it is enough to assume that V(f) S L^, i.e. that V G L^^^'^, to prove that 
co(A) e L\ 

Regarding J(A), when V G {x)^^L^^'^'^ then 

'iio((A + i0)2) - i?o(0) - iA(47r)"il ® 1, 



(J(A)</.,y0) 
Furthermore, let 



A2 



-V<P,V<P) G L\. 



AV'(A) := f (A)F0 = {VRo{{X + i0)2)y - T/i?o(0)F)</) 



X i 



+ AJ(A) F(/> 



and 



XriX) := f (A)> = (i?S((A + i^f)V - Rmy)<P 



X 



Note that Af(AJ(A)) 



\V\ ® 1 
27r 



+ AJ*(A))0. 



. Thus AJ(A) G Vii for V G {x)-^L^/^'^. 



Then il){X) G ^^(LI) and ^*(A) G L^{L°^). 

Then 

roi(A) := Qf{X)Q = f{X)Q - QT (A)Q 

= -AV^A) - Aco(A)Q 

= -Xi'4>iX)-co{X)V(j))0(l). 

Likewise, 



Tw{X) = -XVcl)0ir{X)-co{X)cl)). 
Note that roi(A) = ASi(A) with ^i(A) G V^i n V^3/2,i_ii and rio(A) 
A£;2(A) with E2{X) G Vli n V^i_^3/2,i. 

Then -rio(A)ro-i(A)roi(A) = A2ci(A)Q, where 

ci(A) := {r{X) -^)c^,T,^\X){iP{X) - coiXWcP)) 



-1 

00 



Att 



+ AJ*(A))(/>-co(A)0, 



(2.21) 



Att 



+ XJ{X))V(l)-co{X)Vcl) 



For example, one of the terms in (j2.2ip has the form 

(AJ*(A),/.,roV(A)AJ(A)y0). (2.22) 

Since AJ(A) and Tqq"'^(A) are in Vi,i and since (f) G L°° , Vcj) G L^, it 
immediately follows that (|2.22p is in L^. 

We then recognize from formula ()2.2ip that, for a cutoff function Xi 
x(A/6)ci(A) G L\ 
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Let 

C{X) := Tn{X) - rio(A)ToV(A)Toi(A). 

Then 

C(A) = (co(A)A + A2ci(A))Q 

= (Aa-i - X^iVKP, J{\)V2(t)) + \^ci{\))Q := Xa'^Q + X\2iX)Q. 

Thus C(A)/A is invertible for |A| << 1 and when V £ {x)~^L^^'^'^ one has 
that 

^''^^^ = Aa-i + A2c2(A)^ 

1 1 1_\ 



Aa-1 Aa-i + A2c2(A) Aa 
a C2(A) 
• A " (a-i + Ac2(A))a- 

:= aA-^Q + E(A). 



T Q 



For a fixed standard cutoff functfon x sufficiently small e, since Q £ 

^(L^) nS(L3Ai) n^(L\ L3/2.1) ne(L3/2,i^ 2.1), f^j^Q^g ^j^^^ ^^^^ ^ ^ 

Vi3/2,1 n V^l^j;^3/2,l n V2,3/2,1,L1- 

The inverse of T is then given by formula ()2.20p : 

^00 +^00^011-- ^10^00 --'oo -'oiL' 

n rj-' — 1 

10^00 



1t-i t^— 1 1 



Three of the matrix elements belong to V^i n V^3/2,i. Indeed, recall that 
Too^ G Wioc and Tio(A) = A^i(A) with Ei{X) e V^i n Vi3/2,i^ii and Toi(A) = 
AE2(A) with E2{X) G Vli n Vii^^3/2,i, while C'^ = X'^EsiX), with £^3 E 
V^i n V^3/2,i n V^i 2,3/2,1 n V^3/2,i locally. 

The fourth matrix element is C"^ in the lower-right corner, which is the 
sum of the term E(X) G Vii Ci V^3/2,i and the singular term 

aX'^Q = -aX'^^Vcj) (g) (/). 

Thus aX^^Q is the only singular term in the expansion of r(A) at zero. 

The other conclusion of the theorem referring to T* is obtained by taking 
the adjoint. □ 



The subsequent lemma collects results obtained in [BeGo] . 
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Lemma 2.7. The free sine and cosine evolutions satisfy the following re- 
verse Strichartz estimates: 



-f 



sin(t^/^) 



* sin((t - s)y/^) 





A 


J. 


* sm((t - 




-A) 




-A 




* sin((t - 




-A) 




-A 





< 



< 



< 



F{s)ds\\Lo.L? 



F{s)ds\\L^L} < 



I cos(t\/—A)g\\ j6 

II cos(t\/^)5f|| 



cos((t - s)V^)G{s)ds\\^b^,2L^^^^L2 < 
^ cos((t - dsll^go^i < 



IJII2; 
I/IIl3/2,i; 
|F|| 6/5,2 ; 

li^ll^Ai^a; 

|-^llr3/2.lM ; 

bll//i; 

Is'llivi-iLS/^.i; 
I'^IIli^i; 



We provide the proof, also borrowed from }BeGo] . for the reader's conve- 
nience. 

Proof. The integral kernel of — 1-^^=— ^ is given by 



\x-y\=t 



Then 



sin(tV^)^ 2 



■ ess sup 



^^52 



f {x + ru})r dco ] dr 



< ess 



sup / ^ / f{x + ru})'^r^duj^(^ / 



da; I dr 



^ lU 112- 



and 



sm{t^/^) 



f 



■ ess sup / 
X Jo 

< ess sup 

X 

< II/IIl3/2,i- 



'52 
\y\ 



f{x + ruj)r duj 
dy 



dr 



(2.23) 



(2.24) 
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Furthermore, 

* sin(t - s)^/^) 



J 

Jo 



F{s) ds 



= ess sup 



ess sup 

X 



fl 

Jo J\x 



-F{y,s)dyds 



\x-y\=t-s F ~ y\ 

F{y,t-\x-y\)dy 



'\x-y\<t \x-y\ 

<ess^sup J j-^^\\F{y,t)\\LPdy 



< \\F\ 



f3/2,l,p. 



More generally, 



, Fis) ds (x) < , , 

lV ' - J \x-y\ 



1 



\\F{yML^dy. 



Since convolution with -j^ takes L^/^'^ to L^'^, we obtain that 



sin(tA/^) 



Next, note that the integral kernel of 



COs((ti - t2)\/^) 



A 



JO 



sin(sv/^) 



ds 



L 



is T(ii — t2,x,y), where 



T{s,x,y) = < 



Jtl-t2 

. I n \x-y\>\s\ 
47r \x — y\ 

0, |a; - y| < 



sin(s\/— A) 



ds 



1 1 



The norm of this kernel is exactly ^ \x-y\ ' ^ bounded operator 



and in particular 



cos((^i -^^2)^) e S(L^/5.2i:i,4,2^~). 



(2.25) 



Consider the operator Tf = ^ ^ — Then T*F 



Consequently 

{TT*F){t) = [ 
Jr 



H 



sm 



F{t) dt. 



sin(tV^) sin(s\/^)Pc 



F{s) ds 



^1 r / C0S((^ - s)V^)Pe COs((t + s)V^)Pc \^^^^ 

2 7m ^ —A —A / 



Thus TT* is a bounded operator from L^^^'^Lj to its dual, so 

sm{ty/H)Pc 



(2.26) 
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Consider Tf = '•"'^^( ^"^ — ]_j Again by the TT* method, since 



cos{t^/^) cos(s^/^) , _ 1 /■ cos((t - s)^/^) cos((t + s)^/^)Pc 



R 



A 2J^ -A -A 



we also obtain 

cos(t\/^) 

Likewise 



G (2.27) 



cos(t\/— A)5||^^,2 = ess sup / ( [ f{x + rijj) + rdrf{x + ruj)dijj] dr 
^ * X Jo ^Js2 ' 

< ess sup / I / g[x ^ rij) dijj] +( / drj{x + rLo)rdijj\ dr 

X Jo ^Js^ ^ ^752 ^ 

< ess sup / ^ / g{x + roj)"^ doj^i^ I duj^A- 
+ ( y {drgix + ruj)fr'^ du?j j du?j dr 



<l|V<7||i. 

Since for bounded compactly supported functions g 

g{x + ru})\ du dr = - / dr\g{x + ruj)\r duj dr < \\Vg\\ ^3/2,1 , 
52 Jr Js^ 

by approximation we obtain that for all g G |V|^"'^|L^/^'"'^ C L^'^ 

II cos(t\/— A)(/|L^,i = ess sup / / g{x + ru) + rdrg{x + roj) doj 
^ * X Jo Js^ 



dr 



POO P /'OO P 

< ess sup / / \g{x + ruj)\ doj dr + / / \drg{x + 

X Jo Js^ Jo Js^ 



ruj)\r doj dr 



< I|V5|Il3/2,1. 



f *(A)-i = (I + RoiX^Wr' = L*{X) - X-^^j^^^ ® VcP, 



The last remaining result follows by Minkowski's inequality. □ 
Finally, we can prove Proposition 11.61 

Proof of Proposition \1.6l Recall that by Lemma 12.61 for A < < 1 

Ani 

where (x(A/e)L*)^ G Vl°° n V^s.cx) for sufficiently smah e. 

We consider a partition of unity subordinated to the neighborhoods of 
Lemmas 12.41 and 12.61 

N 

1 = Xo(A/e) + ^ XkiiX - Xk)/ek) + (1 - Xoo(A/i?)). 

fc=i 

By Lemma [Ml for any Afc / 0, (xfc((A - Afc)/efc)r*(A))^ G VLS.oonVioo and 
same at infinity. The sum of these terms has the same property. By Lemma 
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Xo{^/^)T{X) also decomposes into {xo{X/^)L*)^ G V^a.oc n V^oo and the 
singular term 

-Xo(A/e)A-i^i^</.$3y0. 

Write 

-Xo(AA)A-^^0 ^V^ = -A-^^^0 ^ ^0+ 

+ (1 - xo(A/e))A-i^^^(/> ® y,/). 
The Fourier transform of the second term is given by 

r(sgn(t) - (xo(-/e))''(i) * sgn(t))0 ® F./.. (2.28) 



When xo(A) = Xo(— A), the scalar coefficient in (j2.28p is bounded in absolute 
value by „ / |(xo(V^))^(^)l ^■5? so it is in LJ for sufficiently smooth 

wl J\t\ 

Xo- Thus this term belongs to n Vl°°- 

Let Xoo(A) = Xo(A/e) and Zi be given by the sum of all the Vis.oo n Vl°° 
terms of the decomposition, so 

4:7r? 

Z(A) = (1 - xoo(A))A-^— — $5 Vc/. + xoo(A)L*(A) - (1 - xoo(A))r*(A) 

= (/ + i?o((A + iOf)V)-' + A-'^^^<A » 

= / - RviiX + i0)2)y + \- \,,f'' <P ® 
Thus, since {g,da(j)) = 0, 

Pe^(A) = Pc - PcPy((A + iO)2)F + A-i— (2.29) 

Note that I — RviX)V is meromorphic on C \ [0, oo) with only one pole at 
— fc^. Let Q_k2 be the spectral projection corresponding to —k'^, given by 

Q„fc2 = lim — / / - ^^(-A;^ + 0)V de. 

Clearly Q_fc2 = —51 (g) and Q_i.2RQ{—k^) = g0g = Pp = I — Pc- 

Then Pc — i?y(A^)y — (A^ + A;^)^^(5_fc2 has a weakly analytic continuation 

to the upper half-plane, which is weakly continuous on M except at zero. 
Note that Rv{>?)g ® g = {\^ + k'^T^g ® g, so Pc - Rv{>?)V - (A^ + 

k^)-^Q_k2 = Pc - PcRv{X'')V). 
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Furthermore, for Im A > and f ^ 



oo 



JtX 



sm{tVH)P, 







H 



fdt 



f'OO 1 f'CO 

Jo 27ri Jq 



df] dt. 



Since the integral is absolutely convergent, we may interchange the order of 
integration. Because 



'0 

we obtain that 



— 



/ e**^ sin(t7?) dt = - 
Jo 2z Jo 

Jo Vh 



Likewise 



sint^/ 



^,,, .m.v ^ dt = i?o(A^) 



Since PcRvi^) = Pc{I - -Ry (A^)F)iio(A^) for ImA > 0, the inverse 



Fourier transforms of Xt>o[t) ;= and 

V H 



{P,{I - Rv{X')V)nt - s)xs>ois f''^";^^ ds 

coincide for ImA > 0. 

By (j2.29p PcZ{\) is also weakly analytic for Im A > and weakly continu- 

47rz 

ous on M except possibly at zero. In the upper half-plane, A~ -pr^^Ft/) 

— 47r 

is the inverse Fourier transform of rrKXlo oo)it)4' ^ ^(p- Consequently, 

\{v,(p)r ' 



the mverse Fourier transforms of X[o,oo)(^j ;= and 

V H 



S{t) = fjPcZ{t -s)- ^^i^x[o,oo)(i - s)^(^VcP)xs>o{sf-^^^^^^ ds 

coincide for ImA > 0. 

Let Z+ = {x[o,o.){t)PcZ{t)Y and Z„ = {x{-o.,o){t)PcZ{t)y . Clearly Z+ 
is weakly analytic for ImA > and weakly continuous on R and Z_ is 
analytic for ImA < and weakly continuous on R. Since Z„ = P^Z — Zj^, 
it follows that Z„ is weakly analytic for both ImA > and ImA < and 
weakly continuous on M possibly except at zero from above. However, this 
implies that Z- is weakly analytic on the whole complex plane. Since Z_ 
is uniformly bounded in the operator norm, it follows that Z_ is constant, 
so it must be 0. This implies that the support of PcZ{t) is on [0, oo), so the 
same is true for S{t). 
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Then note that 



'^*X[0,oo)(i) 



H 



(A) = {X[o,oo)ii) 



sm{tVH)P, 



H 



(A + iy) 



and {e~y^S{t))^ = {S{t))^(X + iy), so the inverse Fourier transforms coincide 
for y > 0. This imphes that the expressions themselves coincide, so 

rt 



X[0,oo)(*) 



sm{tVH)P, 



{PcZ{t 



Air 



Taking the derivative we obtain as well that 



PcZit 



,,sin(s-y/-A) , 
V(j)^ cos(s\/^) ds. 



Since Z E V^a.cx) n Vl°°i it follows that 

z e BiL^/LT) n ^(L-L?) n B{l'^l\). 

By Lemma O '^"^^^ £ B{LlL^fLT n L^L?) n ^(L^A^L-lI) n 

B{Lll^^^LT,L^fLT) n L-L?) n B{Li'^^^L\,L<^L\), so the con- 

elusion follows for 

V n 

Likewise, cos(t^/^) G BiHl,Ll'^Lf nL^Lf)nB{\V\-^Ll^^'\L^Ll)n 
B{LlHl,Ll'^Lfr\L'^L^)r\B{Ll\V\-^Ll^^'^,L^Ll), so the conclusion also 

□ 
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